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Abstract-Constitutive equations of centrosymmetric and non-centrosymmetric anisotropic
friction defined in the preceding companion paper are completed with illustrative examples.
Figures illustrate different frictional anisotropy classes and the inl1uence of anisotropic friction
on a material point motion.

I. INTRODUCTION

The paper by Zmitrowicz (1992) formulated constitutive equations for centrosymmetric
and non-centrosymmetric anisotropic friction. The general constitutive equation of aniso
tropic friction has the following form

t = - N{[C 10 +C II cos (" I IX,.) +C 11 sin (m IIX,.)]V +... + [CnU +Cnl cos ("nlX,.)

+Cn1 sin (mnlX,.)]· (v ® ... ® v)}. (I)
'--v-----'

2" - I copies

where. t is the friction force vector. v is the sliding velOl:ity unit vector. C,k(i = 1.2..... ,,;
k = O. 1.2) arc constant friction tensors of the order 2i. tIl and m, arc parameters of the
trigonometrical functions. Here. we will ,malyse dillcrent simplified forms of eqn (I).

Definitions of anisotropic friction characteristic quantities. i.e. the inclin,ttion angle
(P). the friction cocllicients (Jt•• Jt;). principal. neutral and extrem,11 value directions. the
friction force hodograph. symmetries (rotations. mirror rel1ections) and anisotropic friction
types (isotropic. orthotropic. tetrogonal anisotropic) arc given in Zmitrowicz (1992). The
investigations reported here arc a continuation of the previous paper.

In the present work we ure concerned with illustrutive exumples und representutions
of some properties of the centrosymmetrie and non-centrosymmetric friction by diagrams.
Furthermore. an analysis of the motion of a muterial point in a surface with anisotropic
friction properties is presented. We use the same notation as in Zmitrowicz (1992) und we
refer to that work.

2. CENTROSYMMETRIC ANISOTROPIC FRICTION

Illustrations of linear and non-lineur models of anisotropic friction with constunt
friction tensors are given by Zmitrowicz (1989). Here. they arc completed for two purticular
cases. i.e. axisymmetric and unidirectional anisotropic friction. In these cases the friction
equation has the following form:

(2)

We may take any real numbers as the second order friction tensor coefficients. with the
restriction that the friction tensor is positive definite. Generully. the following matrix
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k = 0.1.2 (3)
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is a representation of the second order friction tensors C Ik' As an example we take the
friction coefficient values which are typical for friction in metals. We consider the following
cases: axisymmetric anisotropic friction (C\' = e~~ =0.13: e~~ = -e~1 =0.03) and
unidirectional anisotropic friction (e~' = e~~ = e~1 = e~; = 0.05) (Figs I. 2).

Three examples ofcentrosymmetric anisotropic friction with friction tensor coefficients
depending on the sliding direction are given. Let the friction force equation restricted to
two second order tensors take the form

(4)

Using C IO, C II orthotropic (C ~ I = 0.09: e~; = O. 13: e: 1 = 0.04; C~; = O. 03) we get
friction with two orthogonal principal directions (Fig. 3). The friction force hodograph is
not an ellipse. The group of symmetry is typical for orthotropy.

Let us take the following friction force equation:

(5)

whereC1o,C II are isotropic (CI\I = C~; = 0.1; e: 1 = ef; = 0.03). Then we have friction
with an infinite number of principal directions <It;. {I equal to zero) (Fig. 4). [n this case.
there are two mirror retlections with respect to extremal value directions.

We consider the constitutive equation with second and fourth order tensors in the
following form:

(6)

Sixteen clements of the representation of the tensor C;k can be arranged in a table:

II 22 21 12

[ C1'"
e~ 1:2 e~ 1;1 Ci'''jll

[Clk] = CFII Ci 222 ("2221 C lll2 .,.,
k Ie --. k = 0.1,2. (7)

cl 111 cl 122 c1 121 efl12 21

e~l'l c~m e~221 e~lll 12

They are ordered by pairs of indices. Using C II) isotropic (C l\ I = C~2 = O. 07) and C lU , Cll

tetragonal anisotropic

(C~III = e~m = 2C~11I = 2CF 22 = 0.02; C~I;2 = e~;'1 = 2e~'ll = 2C~211 = 0,08;

C~121 = C~lll = 2e~121 = 2CF'2 = 0.01; e~"; = CA 2;' = 2C~112 = 2C~221 = 0,06)

we obtain friction with a four-fold rotation axis (Fig. 5). There are no mirror reflections in
this case.

[n the examples only the non-zero clements of the tensors are given.
Figures 1-5 show the following plots: (a) the friction coelTIcient Ii;, (b) the friction

coelTIcicnt 1l, referring to polar coordinates, (c) the inclination angle p, and (d) the friction
force hodograph with respect to an orthogonal reference system. Principal directions of
friction (dash-dot line) and zeros of the function p= I(~,.) are shown in the figures.

Anisotropic friction in a contact between two bodies changes the nature of the relative
motion of the bodies. Here, we analyse properties of a material point motion in a plane
with frictional anisotropy. Figures 6-10 present trajectories of the material point motion
in the plane with frictional properties shown by Figs 1-5. respectively.

The following equation describes motion

mq = t. (8)
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Fig. I. Illustration of the axis)'mmetric anisotropic friction: (a) friction coefficient Jl: ; (b)
friction coefficient/I, ; (c) inclination angle fl; (d) friction force hodograph.

Fig. 2. Illustration of the unidirectional anisotropic friction: (a) friction coellicient /1: ;
(b) friction cocllicient/I,; (c) inclination angle II; (d) friction force hodllgraph. '-'
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Fig. 3. Illustration of the centrosymmetric anisotropic friction with two orthogonal principal
directions: (a) friction coeflicient II:; (b) friction coeflicient J',; (c) inclination angle p;

(d) friction force hodograph.

Fig. 4. Illustration of the centrosymmetric anisotropic friction with an infinite numocr of
principal directions: (a) friction coellicient II: ; (b) friction cocllicicnt I',; (c) inclination

angle p; (d) friction force hodograph.
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Fig. S. Illustration of thc ccntrosymmctric anisotropic friction with a four-fold rotation axis:
(a) friction cocllicicnt P;; (b) friction coefficient 1'.; (c) inclination angle fl; (d) friction force

hodograph.

where m is the mass of the material point. q its position vector and t the friction force
vector. The velocity cio is taken as the initial condition of motion. Different directions of
the initial velocity are analysed. They are given by the angle lXo.

(9)

and specified in the figures. The non-linear eqn (8) is solved by means of the Runge-Kutta
fourth-order method.

The material point motion is a retarded motion if the friction force acts. The length of
the point trajectory depends on the frictional resistance. Intervals between points on the
trajectory shown in Figs 6-10 correspond to constant time intervals (0.2s). In the case of
unidirectional friction (Fig. 7). the point has so much initial energy that it achieves fric
tionless direction. Next. the point moves uniformly towards infinity.

The trajectory is a segment collinear with the principal direction of friction when the
motion occurs in this direction. If all sliding directions are principal (Fig. 9), then all
trajectories are segments of lines. The trajectories are curved if a normal component of the
friction force acts.

3. NON-CENTROSYMMETRIC ANISOTROPIC FRICTION

We consider examples of non-centrosymmetric anisotropic friction described by fric
tion tensor coefficients depending on the sliding direction. Let the friction force equation
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Fig. 8. Motion of a material point in a plane with l."Cntrosymmclric anisotropic friction with two
orthogonal principal c.lirL'Ctions.

be given by

t= -N(C/o+CI/COS:X,.)V. (f0)

If tensors Ct<h C ll arc anisotropic without principal directions (C~I = 2CI I
:::: 0,12;

C~l:::: 2CI l = -0.06; C~l = 2ci l :::: 0.02; CJ!:::: 2Cf! =0,14) then we have anisotropic
friction without principal directions und with one neutral direction (Fig. II). If CIO' C II

are anisotropic with one principal direction (C ~ I = 2C I' :::: 0, I; C~ l :::: 2C: 2 = - 0, 02 ;
CJ' :::: 2ci' :::: 0.02; CJ2 = 2Ci 2 =0.06) then we get anisotropic friction with one prin~

dpal direction and one neutral direction (Fig. 12).' Using C/o. ell orthotropic
(C~ / = O. 12; CJ2 :::: 0, I ; CI / = 0,09; Cp = 0,06) we have friction with two orthogonal
and two unidirectional principal dirc..'Ctions. and with one neutral direction (Fig. 13).

"Let us consider the friction force equation in the following form

t= -N[C,o+CI,cos(3:x,.»)v. (II)

If tcnsors ClOt C il arc isotropic (e~1 = CJ2 :::: 0,1; ell:::: Ci2=0.03) then cqn (II)
defines friction with an infinite number of principal and three neutral directions (Fig. 14).

We take the following constitutive equation with fourth order tensors

(12)



.\. Z.\IITROWICZ

y

x

tY/ qo .2 m5-
1

~X
m.l kg

0° 22.5° 45° 67.5° 90° 112.5° 135° 157.5°

180° 202.5° 225° 247.5° 270° 292.5° 315° 337.5°

Fig. 9. Motion of ;1 mat<:ri;t! point in a plane with centrosymmetric anisotropic friction with an
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Fig. 10. Mutiun uf 1I mllterilll puint in 1I plane with eentmsymmetric lInisotropie friction with a
fuur·fuld mtlltion axis.

Using C IO isotropic (C~l::::: C~2::::: 0,07) and C 20, e 21 tetragonal anisotropic
(C~lll ::::: C~222::::: 2Cl l11 ::::: 2Ci222 ::::: 0,02; C~I22::::: C~211 ::::: 2C: 122 ::::: 2Ci2ll ::::: 0,08;
C~121 ::::: C~212::::: 2ci l21 ::::: 2C: 212 ::::: 0,01; C~112 ::::: C~221 ::::: 2Ci 112 ::::: 2C: 221 ::::: 0,06) we
obtain rriction with rour principal directions and one neutral direction (Fig. IS).

Only the non-zero elements or the tensors are given.
Principal (dash-dot line) and neutral (broken line) directions or rriction and zeros or

the runction fJ::::: J(a..) are shown in Figs II-IS.
Figures 16-20 present trajectories or the material point motion in the surrace with

rrictional anisotropies described by models without central symmetry. The rrictional prop
erties or the surrace are shown in Figs II-IS. The trajectories have finite length and the
material point motion is a retarded motion.

4. CONCLUSIONS

(I) Constitutive equations ror anisotropic rriction enable prediction or the behaviour
or a contact that can be confirmed by experimental observations. It might be expected that
ruture investigations will give new experimental data on anisotropic rriction. Then an
adequate quantitative comparison or experimental and theoretical results will be possible.

(2) The anisotropic rriction models have a wide range or applications due to their
general character and can be used in a computer simulation or the phenomenon and in
practical numerical calculations or contact, rubbing and tribological problems.
$AS zg,23-P
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Fig. 1-1. Illustration of the non-ccntrosymmetric anisotropic frictiun wilh anlllfinile number
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Fig. 16. Motion ofa material point in a plane with non-centrosymmetric anisotropic friclioll
without principal directions.
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